The position-momentum uncertainty relations containing the dependence of their quantum bounds on state purity parameter µ are discussed in context of possibilities to influence on the potential barrier transparency by means of decoherence processes. The behavior of barrier transparency D is shown to satisfy the condition µ −1 ln D = const. The particular case of thermal state with temperature T where the purity parameter is a function of temperature is considered. For large temperature the condition for the barrier transparency is shown to be T ln D = const.
Introduction
The position-momentum uncertainty relation by Heisenberg [1] provides the quantum bound determined by Planck constant for product of these conjugate variable variances. The uncertainty relation with the dependence of the bound for this product containing the covariance of the position and momentum was found by Schrodinger [2] and Robertson [3] . The bound increases for increasing covariance of the position and momentum. It means that both particle position and momentum can fluctuate stronger if their covariance is larger. The uncertainty relations with bound dependent on different state characteristics like, e.g. degree of nongaussianity were studied in [4, 5] . The deformed uncertainty relations were considered in [6] . The state-extended uncertainty relations were discovered in [7, 8] . Problem of experimental check of the uncertainty relations was considered in [9, 10] . Tomographic approach to study uncertainty relations was presented in [11] . The quantum fluctuations are responsible for such phenomenon as tunneling of a particle through a potential barrier [12, 13, 14] . In this connection it was pointed out [15] that the covariance dependence of bound in Schrodinger-Robertson uncertainty relation could be interpreted as a formal increasing of Planck constant which becomes "effective Planck constant". The quantum tunneling phenomenon is completely determined by the Planck constant. In view of this in [16] the possibilities to obtain strong quantum correlations of position and momentum which are available in correlated coherent states with large covariance of these conjugate variables were studied. It was shown that the parametric excitation of harmonic oscillator creates the correlated coherent states which appear due to modulation of the oscillator frequency. The correlated coherent states and the possibility to use the strong position-momentum correlations to enhance the tunneling through potential barrier were discussed in [17, 18] . In [19, 20] it was shown that the bound for the product of the position and momentum variances increases for mixed states. The bound depends on state purity parameter. It could mean that there exists another possibility to influence the barrier transparency. Namely, decoherence processes decreasing the purity parameters could enhance the tunneling phenomenon. The aim of the work is to discuses decoherence process in the context of the purity dependent uncertainty relation [19] and consider the possibility of influence on the tunneling phenomenon of the "effective Planck constant" which depends on the purity parameter and on the temperature in the case of the thermal states. The paper is organized as follows. In Sec. 2 we review the Schrodinger-Robertson uncertainty relations. In Sec. 3 we consider the temperature dependent bound in the uncertainty relations. In Sec. 4 we discuses the "effective Planck constant" and the influence of the large fluctuations of position and momentum on tunneling phenomenon.
Uncertainty relations
Let us derive standard uncertainty relations for position and momentum following to [19, 20] . Let us use obvious inequality
Here we mean that for any operatorD we have D =T rρD whereD is arbitrary operator andρ is quantum state density operator. The inequality (1) for one-dimensional matrixD which is simply a complex number z means that the number z * z = |z| 2 ≥ 0. If we average this inequality we have z * z ≥ 0. Let us construct the operatorB as a linear combinations of positionq and momentump operatorŝ
Here q and p are the means of the position and momentum, respectively. The inequality (1) gives the inequality for the quadratic form with respect to complex numbers c 1 and c 2 , namely
with the matrix A jk of the quadratic form which reads
Here the matrix elements of the matrix A jk are variances and covariance of position and momentum
The term with the imaginary unit i is related to commutator [q,p] = ih1. The quadratic form is nonnegative if and only if the matrix A jk has nonnegative eigenvalues. It means that all the diagonal elements of the matrix are nonnegative and the determinant of the matrix is also nonnegative. The condition for the determinant provides the inequality
It is the Schrodinger-Robertson [2, 3] uncertainty relation for position and momentum. This inequality can be presented in another equivalent form
Here r is correlation coefficient of the random position and momentum
In classical domainh = 0 and there is no boundh 2 /4(1 − r 2 ) for the product of the position and momentum variances. The Heissenberg uncertainty relation [1] σσ pp ≥h
follows from the inequality (7) if one takes r = 0. The correlation coefficient r characterises the degree of statistical dependence of random position and momentum. If the variables are statistically independent, i.e. r = 0 there is no correlations. One can interpret the inequality (7) that the presence of correlations increases the bound or provides an "effective Planck constant" valuē
which depends on correlation coefficient r. The inequality (7) can be rewritten in the form of Heisenberg inequality
Such interpretation was discussed in [19] . The correlation coefficient takes the values in the domain −1 < r < 1. For |r| close to 1 the effective Planck constant satisfies the inequalitȳ
The value of Planck constanth is responsible for purely quantum phenomenon such as quantum tunneling [12] . The above inequality (12) means that for larger constanth ef f the quantum tunneling effect has to be enhanced. This remark has been done in [19] and developed in [17, 18] . In next section we discuss another mechanism of the possible enhancing the quantum effect of the tunneling using the uncertainty relation where the bound depends on the purity parameter of the quantum state.
Purity dependent uncertainty relation
The mixed state of the quantum system with density operatorρ has the characteristics which is called purity parameter µ. This parameter reads
The pure state density operatorρ has the propertyρ 2 =ρ. It means that for pure state T rρ 2 = T rρ = 1. One can use another parameter s = 1 − µ which is called linear entropy/ For pure state the linear entropy is equal to zero. The purity parameter satisfies the inequality 0 < µ ≤ 1. It was shown in [19] that the uncertainty relation has the bound which depends on the purity parameter µ, i.e.
Here the function Φ(µ) (µ=1) = 1. The function Φ(µ) has different forms for different domains of the parameter µ. The function Φ(µ) reads [19] Φ(µ) = Φ 1 (µ) = 2 − 2µ − 1,
Such pieces of the function Φ(µ) are available for infinite number of µ k . Thus the function Φ(µ) has different explicit form for different intervals of purity parameter and this function has the approximate interpolating expression
For µ ≪ 1 the function Φ(µ) reads
The systems in thermal state with the temperature T have the density operator of the form
whereĤ is the Hamiltonian of the system. The partition function Z(T ) is given by the trace
The purity parameter µ(T ) is expressed in terms of the partition function
The uncertainty relation for thermal state has the following form
For small and large temperatures one can evaluate the purity parameter µ(T ) by using expression for the oscillator (h = m = w = 1) partition function
Then for small temperature we have expression for the purity parameter
which for (1/2T ) ≫ 1 is close to µ(∞) = 1. For large temperature T ≫ 1 one has the purity parameter
which is close to zero. Thus for large temperature and r = 0 "the effective Planck constant" dependence on temperature is described by the ratioh ef f (T )/h ∼ T . It is known that there is the possibility to make fluctuations of the position and momentum larger if the temperature is larger. It means that the volume of the domain in the space (or the domain in the momentum space) where a particle can be found increases when the temperature increases. This is another explanation how the high temperature influences the possibility to overcome the repulsive forces, e.g. repulsion of two charged particles when the large kinetic energy of the particles at high temperatures is sufficient to compensate the potential energy responsible for the particle repulsion. Using known formulae [12] for barrier transparency D for high temperature the behaviour of the barrier transparency can be characterised by the satisfying the requirement T ln D = const.
Decoherence as the tool to enhance the tunneling process
The mentioned in Introduction method to influence the tunneling by increasing the correlation of position and momentum was discussed in detail in [17, 18] . Discussed above method to influence the tunneling process by using increasing the temperature has clear physical reasons since the high temperature means the large velocity and kinetic energy of the particles which provides the possibility to overcome the repulsion forces. On the other hand we interpret this influence by the temperature dependent quantum bound for the product of the position and momentum variances. We point out that this bound for variance product depends not only on the correlation coefficient r of position and momentum and not only on the temperature T in the case of thermal states but on purity parameter µ which is not reduced to the temperature in general situation. For small purity parameter one can characterise the behaviour of the barrier transparency D by satisfying the condition µ −1 ln D = const. The obtaining the small purity is usually considered as result of a decoherence process. This process is considered as the process which provides difficulties in quantum technologies like quantum computing, etc. On the other hand one can apply the decoherence process which gives the state with very small purity parameter µ ≪ 1. Even if there is no thermal equilibrium with such a parameter as temperature the impurity of the state can be obtained by other processes different from heating. Now we formulate the main result of our work. We interpreted the generalized Heisenberg and Schrodinger-Robertson uncertainty relations obtained in [19] where the bound of position and momentum variances product was shown to depend on "effective Planck constant" as possible resource to enhance the quantum phenomenon of tunneling by using decoherence process. For thermal state the heating of the system is known as possible tool to increase the position and momentum fluctuations. This gives intuitively clear picture why the system has large portion of particles with high energy sufficient to overcome the potential barriers. We point out that another phenomenon different from influence of high temperature could be used to enhance the quantum tunneling. The decoherence processes giving the very mixed states from initially pure ones also could be used to influence the tunneling. Thus the decoherence phenomenon is another tool, in addition to heating and increasing the correlation of position and momentum in pure state, to enhance the tunneling. We want to emphasize that all these three methods are based on the position-momentum uncertainty relation which depends on Planck constant. The presence of the extra functions like 1/(1−r 2 ) and Φ 2 (µ) as factors in the bound can be interpreted as reason to get "effective Planck constant" which is much larger than the standard one. One has to point out that though the uncertainty relation with the purity dependent bound was recently checked experimentally [21, 22] the influence on the tunneling phenomenon of the decoherence or position-momentum quantum correlation needs to be experimentally confirmed.
